Kondo semiconductors exhibit a gap in their low-temperature excitation spectra, and can be modeled by the Anderson lattice model at half filling which shows a hybridization gap. The mixed-valent Kondo semiconductor SmB 6 also shows in-gap magnetic excitations that exhibit the temperature dependence and dispersion that are expected from magnetic excitons. The gaps measured in the Kondo semiconductors are extremely sensitive to doping in which the f ions are substituted by non-f ions. Recent measurements on YbB 12 shows a feature similar to that of the magnetic exciton in SmB 6 . Furthermore, the concentration dependence of the features observed in inelastic neutron-scattering spectra of doped YbB 12 is different from the concentration dependence found in measurements of thermodynamic and transport properties. The impurity concentration dependence of the gap and the spin-exciton features are investigated. The spectroscopic properties are calculated for the Anderson lattice model at half filling, in which the disorder is treated in the coherent potential approximation. The results are compared with the recent experiments.
I. INTRODUCTION
The low-temperature thermodynamic, transport, and spectroscopic properties of Kondo semiconductors, or heavy fermion semiconductors 1,2 such as Ce 3 Bi 4 Pt 4 ͑Ref. 3͒, SmB 6 ͑Ref. 4͒, or YbB 12 ͑Ref. 5͒ are dominated by extremely small temperature-dependent gaps of the order of tens of degrees Kelvin. In contrast to ordinary semiconductors, the extremely small magnitude of the low-temperature gap is attributed to renormalization caused by the strong electronelectron interactions between the electrons in the f shell. Gaps have been observed in inelastic neutron-scattering [6] [7] [8] [9] and optical-absorption [10] [11] [12] [13] measurements at sufficiently lowtemperatures. Inelastic neutron-scattering experiments on the low-temperature state of strongly mixed-valent material SmB 6 ͑Ref. 7͒ show the existence of sharp branch of dispersive magnetic excitations within the gap. Similar features were also found in polycrystalline samples of YbB 12 . 8, 9 At temperatures higher than the gap energy, the thermal population of electron-hole pairs participate in quasielastic scattering. This results in that the gaps observed in opticalabsorption [10] [11] [12] [13] and inelastic neutron-scattering spectra [6] [7] [8] [9] vanish. In this high-temperature regime, the properties of the Kondo semiconductors resemble those of a heavy-fermion or mixed-valent materials.
Compounds such as CeNiSn ͑Ref. 14͒, CeRhSb ͑Ref. 15͒, and FeSi ͑Ref. 16͒ are materials that are closely related to the Kondo semiconductors. Careful studies of high quality crystals of CeNiSn ͑Ref. 17͒ have revealed that although the compound does have a pseudogap structure in the quasiparticle density of states, the material is very anisotropic and metallic. 17 Recently, the T 2 term in the low-temperature resistivity of CeNiSn has been found to have a large coefficient, and Shubnikov-de Haas oscillations have been measured. 18 These recent observations confirm that CeNiSn is a semimetal. The appropriateness of describing the transition-metal compound FeSi as a Kondo semiconductor has also been called into question, [19] [20] [21] since the d band has a width which is comparable to the width of the gap and, therefore, the simple Kondo picture used in this work might not apply.
The properties of the Kondo semiconductors are reasonably well described by those of the Anderson lattice model in which the semiconducting state occurs when the hybridization gap straddles the Fermi energy. 22, 23 The hybridization gap is subject to many-body renormalizations that produce a temperature-dependent reduction of its magnitude which is consistent with the behavior of the gap determined experimentally from transport measurements. 24 The behavior of the gap has been investigated in a series of experiments in which the f ions have been substituted with non-f ions. 3, [25] [26] [27] Substitutional doping has the effect of collapsing the gap structure in the density of states. The hybridization gap is a direct manifestation of the coherence of the f ions, and the introduction of substitutional disorder has been shown to produce impurity states within the gap. 28, 29 The theoretical description 28 -31 is quite consistent with the experimentally observed specific heat and resistivity. Thus, for example, the existence of impurity states roughly 3 meV below the upper edge of the hybridization gap quite naturally explains resistivity 32, 33 and tunneling measurements 34 on SmB 6 , while optical 11 and point-contact spectroscopy 35 indicate that the magnitude of the overall hybridization gap is of the order of 20 meV.
The sharp dispersive mode within the gap found in the magnetic response of SmB 6 ͑Ref. 7͒ has the same dispersion relation and temperature dependence as predicted for spinexciton excitations. 36 Spin-exciton excitations can be envisaged as bound states of electron-hole pair excitations caused by the strong antiferromagnetic exchange. Alternatively, the spin-exciton excitations can be thought of as continuations of the antiferromagnetic paramagnonlike excitations which occur at energies above the threshold of the continua of electron-hole pairs. The antiparamagnon excitations usually only exist as a resonance within the continua of spin-flip electron-hole pair ͑Stoner͒ excitations which, for metals, extend down to zero energy. Therefore, to a first approximation, antiparamagnons should only exist above the gap in a semiconductor. However, in the Kondo insulators which have large strengths of the antiferromagnetic interactions, these branches of excitations soften at low-temperatures and continue within the hybridization gap, thereby forming the branches of spin-exciton excitations. Since the widths of the antiparamagnon resonances are caused by an electron-hole pair decay channel, the broad antiparamagnon peaks undergo significant narrowing at energies below the threshold of the Stoner excitations.
While analysis of transport measurements 5 of YbB 12 yields an activation energy of 10 meV, presumably dominated by the pinning of the Fermi level to impurities, the optical absorption measurements 13 indicate that the magnitude of the intrinsic gap is about 20 meV. Earlier inelastic neutron scattering measurements on YbB 12 ͑Refs. 8 and 9͒ showed the existence of magnetic scattering peaks around 15 and 20 meV. The temperature dependence of the 15 meV peak is indicative of it having a many-body origin, perhaps being a spin-exciton excitation. The results of recent inelastic neutron-scattering experiments 37 on YbB 12 have been claimed to indicate a difference in the concentration dependence of the gap from that observed in thermodynamic properties. Since YbB 12 may also support spin-exciton excitations, this discrepancy might be due to the spin-exciton having a different sensitivity to impurities. In this paper, we shall examine the effects of disorder on the dynamic magnetic response, particularly focusing on the branch of spinexciton excitations. The heavy-fermion semiconductors will be modeled by the Anderson lattice model. The effect of the impurities is treated within the coherent potential approximation ͑CPA͒. We shall compare our results with the measured inelastic neutron scattering and the thermodynamic properties of the mixed-valent Kondo semiconductors.
II. DISORDERED ANDERSON LATTICE MODEL
The heavy-fermion semiconductors are modeled by the Anderson lattice model at half filling. The Hamiltonian is written as the sum of three terms:
The first term Ĥ f describes the Hamiltonian of the degenerate localized f electronic states. It is written as
where the index ␣ labels the states of the N f -fold degenerate f level while f j,␣ † and f j,␣ , respectively, are the creation and annihilation operators for an f electron with degeneracy index ␣ at site j. The term proportional to E f , j represents the binding energy of a single f electron at site j and the term proportional to U f f describes the Coulomb repulsion between a pair of electrons located on the same lattice site. The term Ĥ d is the Hamiltonian of the conduction electron states. It is written as 
͑4͒
The first term represents the process in which an electron with quantum number ␣ tunnels out of the f orbital on site j into the conduction-band state labeled by Bloch wave vector k. The second term is the Hermitian conjugate and represents the reverse process. The quantum number ␣ is conserved in the tunneling process and the matrix element V represents the strength of the isotropic hybridization. Ikeda and Miyake 38 have proposed that CeNiSn can be described by a similar hybridization gap model, in which the hybridization is highly anisotropic and vanishes for certain directions in the Brillouin zone. The vanishing of the gap along these directions leads to a semimetallic state. A competing theoretical picture of CeNiSn starts by assuming a spin charge separated state. 39 Since the Coulomb repulsion U f f is the largest energy scale in the problem, we shall take the limit U f f →ϱ. This limit precludes multiple occupation of the f orbitals at any site. The f electron operators are replaced by the product of f quasiparticle operators and slave boson operators. In the U f f →ϱ limit, the Coulomb interaction is treated by enforcing a constraint on the f quasiparticle and boson operators. In the mean-field approximation, which is exact in the limit of large degeneracy N f →ϱ, the slave boson amplitude is replaced by a complex number. Thus, the Coulomb repulsion produces renormalized quasiparticle bands. The Coulomb repulsion renormalizes the position of the f level, E f to a new position Ẽ f just above the chemical potential , and also reduces the hybridization strength from V to Ṽ . These renormalizations are expressed 22 as
where n f (T) is the temperature-dependent average number of f electrons per unit cell, and the f energy shift is determined by a self-consistency condition. The self-consistency conditions are evaluated as
where the off-diagonal Green's function
and the number of f electrons per unit cell is given by
The f quasiparticle Green's function of the homogeneous system is evaluated as
͑9͒
The upward renormalization of E f has the effect of reducing the number of f electrons, n f , and, therefore, minimizes the effect of the Coulomb repulsion. The renormalization of the hybridization matrix element represents the average reduction in the probability that a quasiparticle will tunnel from the conduction band into an f level, as the Coulomb interaction forbids tunneling into a level that is already occupied. The conduction bands and the f quasiparticle bands hybridize and form bands with mixed character. The bands are separated by an indirect gap of magnitude ϳ4Ṽ 2 /W in an energy range centered on Ẽ f . The magnitude of the direct gap is given by 2Ṽ . In the Kondo semiconductors, the lower hybridized bands are completely filled, and the upper hybridized bands are completely unoccupied. The f character in the quasiparticle bands has an integrated intensity which is reduced by a factor of (1Ϫn f ). The remainder of the integrated intensity shows up as an incoherent excitation located at the position of the bare f level E f , 40 and can be measured in photoemission measurements. The many-body effects will be calculated for the stoichiometric system, and the effects of the small impurity concentrations on the many-body renormalizations will be neglected.
We shall denote the various configurations of the impurities by the index ␥. We shall assume that the impurities are randomly distributed so that the different sites are independent. Thus, the probability of a particular configuration, P ␥ , is the product of the probabilities for the various sites, p j,␥ ,
A lattice site j has a probability that the site is occupied by a non-f ion which is given by the concentration p j,2 ϭc, and the probability that the site is occupied by an f ion is given by p j,1 ϭ(1Ϫc). When a non-f impurity ion is located at site j, the f level binding energy E f , j at that site is moved above the Fermi energy, leading to the f orbital being unoccupied. The binding energy at the site j is given by
when an impurity is present, ␣ϭ2, and as
when an f ion is located at the site ␣ϭ1. We shall take the limit ⌬E f →ϱ which corresponds to the case of La impurities in Ce 3 Bi 4 Pt 3 or Lu impurities in the electron-hole analog YbB 12 . When this limit is taken, the effect of the Coulomb shift on ⌬E f can be safely neglected.
III. COHERENT POTENTIAL APPROXIMATION
The effect of disorder is treated within the single-site approximation using the CPA In the CPA, the local Green's function G j j f f () is replaced by the configurational averaged local Green's function G f f (), which describes the effective medium. The configurational averaged local Green's function has periodic translation symmetry and, therefore, is independent of the site index j. As a consequence, the Fourier components of the configurational averaged Green's functions are diagonal in the Bloch wave vector k. Thus, the configurational averaged Green's function can be written in the same form as that of the ordered system, but in which a complex self-energy ⌺() is introduced to replace the renormalized f level binding energy Ẽ f . Thus,
͑13͒
In the CPA, 41-43 the complex self-energy is determined by the condition that the configurational averaged T matrix for the entire solid vanishes. This leads to the condition that the single-site T matrix also vanishes:
This condition is simply evaluated as
where the, site diagonal, f quasiparticle Green's function is given by
.
͑17͒
The real and imaginary parts of F(ϩi␦), for a fixed real value of ⌺, are plotted in Fig. 1 . It should be noticed that the imaginary part of F vanishes for values of near ⌺ due to the presence of the hybridization gap. Also the real part of the function is approximately linear in this range of . In fact, for ϳ⌺, the function has the asymptotic expansion:
The coefficient of the third term, (W 2 /24), is the second moment of the nearest-neighbor tight-binding conduction electron density of states. The above set of equations are to be solved for the real and imaginary parts of ⌺() as a function of . Before presenting the numerical solution, we shall examine a number of limits in which analytic results can be found.
It is seen that the above equation has the solution ⌺͑ ͒ϭẼ f ͑19͒
in the limit of vanishing impurity concentrations c→0, or equivalently
when c→1. Thus, the CPA is exact in the extreme dilute limit.
In the limit Ṽ ϵ0, one finds that the solution for ⌺() reduces to
which reproduces the exact configurational averaged atomic limit Green's function
For ⌬E f →ϱ and finite but small concentrations, one finds that there is a region where G f f () is approximately linear in Ϫ⌺():
where Z is a real and large dimensionless coefficient which increases monotonically with decreasing hybridization ͓Z Ϸ1/24(W/Ṽ ) 4 ͔. This type of behavior of the local Green's function is already seen in the undoped system, shown in Fig. 2 . In this region, the CPA self-energy is given by the approximate expression Thus, the density of states within the hybridization gap is zero, except within a small region of width
which is controlled by the square root of the concentration. This is in agreement with the findings of previous investigations [29] [30] [31] although different approximation schemes were used. In this region there is a nonzero f quasiparticle density of states originating from the impurity-band inside the hybridization gap. The f quasiparticle impurity band density of states has the approximate semielliptical form,
Hence, the quasiparticle density of states of the impurityband evaluated at the renormalized f level energy, f (Ẽ f ), is proportional to c 1/2 and has an integrated weight equal to c. Inside the f quasiparticle band, away from the gap edges, ͉ϪẼ f ͉ӷ͉Ṽ ͉ 2 /W, the CPA equations can be solved for small concentrations. In this regime, the self-energy is given by
where d 0 () is the bare ͑unhybridized͒ conduction-band density of states:
A typical form of the exact solution for ⌺() is shown in Fig. 3 . It is seen that for large frequencies, the real part of the self-energy depends approximately linearly in , with a slope of c/(1Ϫc). In this region, the imaginary part of the self-energy is finite and small, in agreement with the approximate result given by Eq. ͑27͒. The linear dependence of the real part has the effect of reducing the weight of the quasiparticle bands far from Ẽ f by an amount proportional to c. The real part of the self-energy varies rapidly close to the band edges which has the effect of removing states from this energy region. These states reappear as the impurity band, which is found in an energy range inside the gap where the imaginary part of the self-energy peaks up. The exact solution for the CPA density of states is shown in Figs. 4 and 5 for various values of the impurity concentration. In Fig. 4͑a͒ the f quasiparticle density of states is shown for the pure system, corresponding to the values of the bare parameters E f ϭϪ10.26t and Vϭ1.47t. This set of bare parameters corresponds to the renormalized parameter set Ẽ f ϭ0.266t and Ṽ ϭ0.4t and an n f value of 0.926. The density of states shows the ͑indirect͒ hybridization gap located around Ẽ f . The asymmetry of the f quasiparticle band density of states about E f is a consequence of the deviation of n f from unity and, hence, is a direct manifestation of the mixed valence character of these materials. This can be seen by direct comparison of Fig. 4͑a͒ with Fig. 5͑a͒ . The latter is calculated for the bare parameter set E f ϭϪ5.76t and V ϭ1.22t which corresponds to a mixed-valent value of n f , namely, n f ϭ0.831. The f quasiparticle density of states peaks at energies close to the edges of the hybridization gap. Van Hove singularities are seen at energies deeper inside the f bands. For small values of the concentration cϽ0.05, the impurity band is centered on Ẽ f and is completely contained within the hybridization gap. However, for concentrations c The bare parameters were chosen to be Vϭ1.47t and E f ϭϪ10.26t, which correspond to a strong renormalization of the hybridization gap. These parameters correspond to the same values of the renormalized parameters of Fig. 1 and n f ϭ0.962 for zero concentration of impurities. The case corresponding to cϭ0 is shown in ͑a͒. The quasiparticle density of states for the doped system are shown in ͑b͒, ͑c͒, ͑d͒, and ͑e͒, respectively, for concentrations for cϭ0.02, cϭ0.05, cϭ0.07, and cϭ0.10. As the concentration increases, an impurity band develops in the hybridization gap, and eventually completely fills the gap. greater than 0.07, the impurity band spans the entire hybridization gap, although a sharp depression occurs just above the range of energies corresponding to the gap even when cϭ0. 10 . The growth of the impurity band is accompanied by a depletion of the density of states from above and below the hybridization gap edges. The gap width shows only a very slight increase and the depletion mainly comes from a reduction of the heights of the peaks. However, the peak structures at the edges of the f quasiparticle density of states remain quite prominent until it obtains quite large impurity concentrations. By contrast, the Van Hove singularities are rapidly smeared out with increasing impurity concentration.
IV. DYNAMIC RESPONSE
The optical-absorption spectrum is given by the real part of the frequency dependent conductivity tensor i, j (). The real part of the conductivity is evaluated as
͑29͒
where v i (k) is the jth component of the velocity of a conduction electron with Bloch wave-vector k. The summation over the Bloch wave vector k is transformed into the integral over the bare conduction-band density of states weighted with the components of the velocities v i (k),
where J 0 (x) and J 1 (x) are Bessel functions. Due to the presence of the Kronecker ␦ function, the conductivity tensor is diagonal and isotropic. The real part of the conductivity can then be written as
where the conduction electron spectral density A d (⑀,z) is given by
͑32͒
In the limit c→0, the self-energy is purely real and equal to Ẽ f . In this limit, the spectral density is equal to the weighted sum of two ␦ functions and the ac conductivity reduces to the previously obtained expression: 23 Re
for Ͼ2Ṽ , and zero if 2Ṽ ϾϾ0. The square-root singularity occurs at the threshold energy ϭ2Ṽ which corresponds to the direct gap. However, for the pure system electron-electron interactions broaden the singularity into an asymmetric peak. Furthermore, the interactions also result in large q fluctuations which assist the electrons in the photon absorption transitions. These fluctuation assisted transitions result in a long tail to the spectra which extends down to a threshold equal to the indirect gap energy. 36, 40 For finite impurity concentrations, the impurity scattering is the dominant scattering mechanism and the conductivity has a similar form to that found by including higher-order electronelectron interaction processes. However, while the conductivity of the pure system falls to zero below the indirect gap, the conductivity of the doped system is finite and small below the indirect gap where the conductivity shows a pro- . This parameters set corresponds to an f occupation number of n f ϭ0.831 for the undoped system. The quasiparticle density of states for the pure system, cϭ0, is shown in ͑a͒, while the quasiparticle density of states for cϭ0.05, cϭ0.1, cϭ0.2, and c ϭ0.3, respectively, are shown in ͑b͒, ͑c͒, ͑d͒, and ͑e͒.
nounced minimum. The small but finite value of the conductivity at ϭ0 is due to impurity band conduction. The small magnitude of the Tϭ0 Drude peak is caused by the absence of thermally activated conduction processes, which limits the conduction processes to states in the impurity band that are almost localized, that is, the states in the impurity band have a large scattering rate and have low mean-squared velocities. The small magnitude of the mean-square velocity occurs as the impurity band states are mainly formed from the flat portions of the hybridized bands of the pure system near Ẽ f . These states not only have a low fraction of conduction band character, but also have k values which are close to the top or bottom of the conduction-band and hence, have small magnitudes of v(k)ϭ(1/ប͓‫(⑀ץ‬k)/‫ץ‬k͔. The frequency dependent conductivity is plotted in Fig. 6 for various impurity concentrations, and Tϭ0. The concentration dependence is similar to that found by Okamura et al. in experiments on Yb 1Ϫx Lu x B 12 , 27 where the peak was found to broaden and move to lower energies with increasing impurity concentration. Similar results have been found theoretically by Mutou, 44 using the same model as in this work and the disorder was also treated within the CPA However, in Mutou's work the many-body effects were treated, Fig. 7 , within the dynamical mean-field approximation which neglects the effect of antiferromagnetic correlations. At finite temperatures, the spectrum shows a thermally activated Drude tail 36 which is dominated by the impurity band states. 30 In accordance with dc transport measurements on (Ce 1Ϫx La x ) 3 Bi 4 Pt 3 ͑Ref. 25͒ and SmB 6 ͑Ref. 33͒ the calculated resistivity shown in Fig. 8 has an exponentially activated regime which goes through a maximum, and then shows a metalliclike temperature variation at the lowest temperatures. The minimum in the resistivity at Tϭ0 is due to the energy dependence of the scattering rate, which decreases for states away from the center of the impurity band, as shown in Fig. 2 . However, the calculated resistivity differs qualitatively from the experimentally determined resistivity at high temperatures where measurements show that the resistivity is roughly independent of the impurity concentration. This discrepancy is caused by the neglect of intrinsic inelastic-scattering processes which, at high temperatures, should dominate over the elastic impurity scattering rate.
The dynamic magnetic spin-flip response is given by the ronton-pase-approximation-like expression FIG. 6 . The diagonal component of the frequency-dependent conductivity, at zero temperature, in units of e 2 /បa vs the dimensionless frequency /t. For cϭ0 the conductivity has a square-root singularity at the threshold energy ϭ2Ṽ , which corresponds to the direct gap. For finite concentrations of impurities, the singularity is broadened into a peak which acquires a long tail that stretches down towards zero frequency. The parameters used are the same as in Fig. 4 , and the frequency-dependent conductivity is shown in ͑a͒, ͑b͒, ͑c͒, and ͑d͒, respectively, for the concentrations cϭ0.05, c ϭ0.10, cϭ0.20, and cϭ0.30.
FIG. 7.
The diagonal component of the frequency-dependent conductivity for Vϭ2.686t and E f ϭϪ20.38t, for the concentrations cϭ0.05, cϭ0. 10, cϭ0.20, and cϭ0.30 . This parameter set corresponds to a valence of n f ϭ0.8614. In addition to the peak at the direct gap, the tail has a threshold at the indirect gap, below which a small Drude peak due to impurity-band conduction can be observed.
FIG. 8. The temperature dependence of the electrical resistivity (T) for various impurity concentrations. For temperatures of the order of the indirect gap, the resistivity is thermally activated. However, for finite concentrations the resistivity exhibits a maximum at low-temperatures and exhibits a minimum at Tϭ0. The parameters used are the same as in Fig. 4 . 
͑35͒
In this expression the f spectral density A f (⑀,z) is given by
͑36͒
The exchange interaction is calculated as the zero frequency limit:
where the contour C encloses all the poles of the Fermi function f (z). For the stoichiometric system, this reduces to the expression 45, 46 J͑q ͒ϭ 1
where B ϩ (k) and B Ϫ (k) are, respectively, the fractional conduction electron character of the wave function of the state with Bloch wave-vector k in the upper (ϩ) and lower (Ϫ) hybridized bands. This exchange interaction is similar to the Ruderman-Kittel-Kasuya-Yosida interaction but, since the system is gapped, all the processes contributing to the magnetic exchange interaction are virtual processes. The virtual interaction proceeds by the moment on the f ion polarizing the conduction electrons as a result of the Schrieffer-Wolf exchange interaction of strength ͉V͉ 2 /E f . The conduction electrons transmit the polarization to a second site where it interacts with the local moment via the Schrieffer-Wolf interaction. Due the presence of the conduction electron susceptibility, and as the conduction band is almost half filled, the intersite exchange interaction has a strong antiferromagnetic character.
Inelastic neutron-scattering experiments on CeNiSn ͑Ref. 47͒ have been interpreted as showing that the intersite exchange interactions are relatively weak. A possible cause for the relatively weak intersite exchange interaction in the Ce Kondo semiconductors is given by photoemission experiments where the bare f level is found to be about 2-3 eV below the chemical potential. The large value of E f in the denominator of the Schrieffer-Wolf exchange and could result in a relatively weak intersite interaction. However, a proper description of the inter-site exchange exchange interaction incorporating the Kondo effect 48 is still lacking, and is an area for further research. As a consequence of the weak exchange, the spin exciton is not expected to be fully formed for Ce systems and the main effect of the doping is through the noninteracting quasi-particle susceptibility. The susceptibility is largest for wave vectors near the corner of the Brillouin zone, Qϭ(/a) (1, 1, 1) . This is shown in Fig. 9 . The stoichiometric system shows a threshold corresponding to excitations over the indirect gap with a large peak just above the threshold energy. The introduction of impurities reduces the overall intensity of the inelastic peak, and produces a shoulder below the threshold which has an integrated intensity that roughly scales with the impurity concentration for small c. The impurities also produce a quasielastic component to the spectra. The combined effect of the growing quasielastic component and the widening of the shoulder is that of progressively filling the gap in the spectra, as the impurity concentration is increased. The spectra at the zone center is much less intense, as shown in Fig. 10 . The zone center spectrum for the stoichiometric system is dominated by a peak at the direct gap, and has a form similar to the optical conductivity. For qϭ0, the introduction of small amounts of impurities produces an inelastic contribution which peaks in the vicinity of the indirect gap. More precisely, the position of the peak correlates with the peak energy of the shoulder in the qϭQ spectrum. The magnitude of this peak is much larger than the corresponding tail in the optical conductivity, since the conduction-band character of the states in the vicinity of the gap is suppressed by a factor of order of ͉V/t͉ 2 and the conduction states which are admixed have velocities close to zero. It is seen that the impurities reduce the propensity for antiferromagnetic correlations and concomitantly increase the propensity for ferromagnetic correlations. This observation is qualitatively consistent with the experiments on doped (Ce 1Ϫx La x ) 3 Bi 4 Pt 3 where the magnitude of the wave-vector averaged response decreases 49 while the qϭ0 susceptibility grows by 25-35% on increasing x from zero to xϭ0.07. 3 However, even for the largest concentrations, the calculations show that the wave-vector averaged response is still dominated by the antiferromagnetic response. Similar trends to those shown in Fig. 9 were found in the inelastic neutron-scattering spectra from polycrystalline (Ce 1Ϫx La x ) 3 Bi 4 Pt 3 measured by Severing et al. 49 By contrast in Yb systems, which are generally more mixed valent than the Ce systems, the bare f level is expected to lie just above the chemical potential and, as a result, the local magnetic moments are expected to be coupled via a strong Heisenberg antiferromagnetic exchange interaction. A sufficiently strong magnetic exchange is expected to result in the formation of a spin exciton which lies within the gap. The spin exciton should show a maximum binding energy at the antiferromagnetic zone boundary, as found in SmB 6 . 7 For values of the exchange interaction J(Q) smaller than the critical value, the peak in the spectral density just above the threshold should be enhanced. The theoretical results for the zone corner susceptibility with finite impurity concentrations are shown in Figs. 11͑a͒ and 11͑b͒ for values of J(Q), respectively, above and below the critical value. The values of the bare parameters are Vϭ2.686t, E f ϭϪ20.3826t, which correspond to an f occupation number of n f ϭ0.8614 and the renormalized parameters Ṽ ϭ1.0t, and Ẽ f ϭ0.5833t. The spectral density of qϭQ magnetic excitations of the stoichiometric system should show spin-exciton excitations as a sharp Gaussian line within the gap. Since the introduction of impurities produces a shoulder to the gap, the almost singular peak in the real part of the reduced noninteracting quasiparticle susceptibility at the threshold is gradually smeared out with increasing impurity concentration. For systems where the spin exciton is fully developed, introduction of impurities results in a broadening and decrease in the binding energy of the spin exciton, eventually causing the in-gap feature to collapse into the continuum. However, for systems where the interaction is just below the critical value, the stoichiometric system should show a peak above threshold which is enhanced by the magnetic exchange interaction. The enhancement of the peak at the threshold is rapidly washed out with increasing impurity concentrations. The rate at which the intensity of the peak height is reduced with impurity concentrations is strongly dependent on the magnitude of the enhancement. Although the height of the resonance is rapidly decreased by impurities, the magnetic intensity in the gap region is not changed substantially.
Recently, high-resolution inelastic neutron-scattering experiments have been performed on polycrystalline Yb 1Ϫx Lu x B 12 with xϭ0 and xϭ0.25 ͑Ref. 37͒ and xϭ0.9. 11 . The inelastic neutron-scattering spectra, at the corner of the Brillouin zone, for various impurity concentrations. In ͑a͒ the spectra are shown for a value of J(Q)ϭ0.7t which is greater than that the critical value needed to separate the spin-exciton spectrum from the continuum. The spectrum shows the spin-exciton feature within the indirect gap. The effect of increasing impurity concentrations is that of broadening the spin-exciton peak and lowering its binding energy. For large enough impurity concentrations, the spinexciton only exists as a virtually bound state. The spectra shown in ͑b͒ are calculated for a value of J(Q)ϭ0.45t which is just below the critical value. The continuum spectra are resonantly enhanced near the indirect gap energy. Introduction of impurities rapidly decrease the enhancement of the peak near the threshold.
The magnitude of the momentum transfer q was sufficiently large, such that the spectrum is representative of an average over the entire Brillouin zone. Thus, the experimental results may be compared with the imaginary part of the local susceptibility. The xϭ0 spectra shows a large asymmetric peak at 15 meV just above the threshold of magnetic excitations, and two other peaks at 23 and 40 meV. For xϭ0.25, the peak at threshold has its intensity reduced by a factor of 2, and there is only a slight change in the spectral density at the threshold energy ͓see Fig. 12͑a͔͒ . Experiments on a sample with xϭ0.9 show that the peaks at 15 and 20 meV are completely suppressed, while the peak at 40 meV retains its form. The peaks at 15 and 20 meV were assigned as being coherent in nature, while the peak at 40 meV was assigned incoherent or single-ion character. The reduction of the intensity of the 15 meV peak by a factor of Ϸ1.9 for an impurity concentration of 25% is inconsistent with the local susceptibility inferred from the single impurity Anderson model, as this should scale directly with the number of Yb atoms. However, the experimentally determined reduction is consistent with the calculated local susceptibility in the absence of a magnetic exchange interaction, shown in Fig.  12͑b͒ , and indicates the nonlocal nature of the magnetic fluctuations. The experimentally determined peak is more asymmetric than the calculated spectra and falls off more rapidly near the gap. This has the effect that the present calculations exhibit a larger increase in the spectral intensity in the gap region than seen in the experiments on doped YbB 12 . The theory implies that the indirect gap of the stoichiometric material is slightly smaller than 13 meV, and that a truly bound spin exciton is not formed. However, the large asymmetry of the experimentally determined peak is consistent with a substantial amount of exchange enhancement and the formation of a virtually bound spin exciton. Further high-resolution inelastic neutron-scattering experiments on single crystals appear to be necessary to establish the q dependence of the spectral peak and to definitively answer the question as to whether a spin exciton exists in YbB 12 .
Substitutional impurities have been introduced in the semimetal CeNiSn, the properties which have been observed are qualitatively similar to those described in this paper. 50, 51 This might have been anticipated, since the Kondo semimetal CeNiSn has been described by a model, 38 which is quite similar to the model used for the Kondo semiconductors. 22 On the other hand, the presence of the anisotropic hybridization gap might result in significant differences with the model considered here, and is a subject that requires further investigation.
V. SUMMARY
The properties of Kondo semiconductors can be described by the Anderson lattice model, close to half filling. The system has an indirect gap between the upper and lower hybridized bands. The substitution of non-f impurities on the f sites produces an impurity band within the gap. On increasing the concentration of the substitutional impurities to a few percent, the impurity band spans the entire gap. The electrical resistivity shows an exponential increase, but saturates at low-temperatures to a value which is controlled by the concentration of impurities. In both the model calculation and experimental measurements, 25, 33 the resistivity shows a slight local minimum at Tϭ0. The ac conductivity for the pure system is dominated by a peak at the energy of the direct gap. On doping, the peak in the conductivity broadens and develops a tail which extends down to the indirect gap. The peak position is reduced with increasing concentrations, in a manner similar to that found in optical measurements on Yb 1Ϫx Lu x B 12 . 27 At finite concentrations, a small Drude peak appears in the Tϭ0 optical conductivity which represents the conduction processes within the almost localized impurity band. We have examined the effect of doping on the magnetic response functions which, since the model is that of an indirect gap semiconductor, behaves markedly different for different momentum transfers. The main effect of doping is that of reducing the antiferromagnetic correlations and increasing the ferromagnetic correlations. This trend is consistent with the observed growth of the static susceptibility with increased doping. 3 It was also found that doping reduces the gap in the wave-vector averaged spectral density and introduces states within the gap, as was seen in inelasticscattering experiments on (Ce 1Ϫx La x ) 3 Bi 4 Pt 3 . 49 Recent high-resolution inelastic neutron-scattering measurements on Yb 1Ϫx La x B 12 compounds 37 as a function of doping are inconsistent with the magnetic fluctuations being of local character. The results appear to be consistent with either the existence of a virtually bound spin exciton or the enhancement of the peak near threshold due to a strong antiferromagnetic exchange interaction.
Several areas remain ripe for future investigation. These include the theoretical description of the introduction of a low density of either electrons or holes into a Kondo insulator, a situation which is perhaps realized in the compound YbAl 3 ; 52,53 the adiabatic continuation of the model describing the high-energy excitations ͑with either Jϭ5/2 for Ce or Jϭ7/2 for Yb͒ to the effective low-energy doubly degenerate model which describes the semiconductor phase; theoretical studies of the effect of impurities in the anisotropic Kondo semimetals, such as CeNiSn; and finally, a rigorous theoretical description of intersite interactions incorporating the Kondo effect.
